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1. Introduction. In [4], Pollard showed that there is an inequality of the type,
f [sa(x)|Pe=** dx < Cf |f(x)[e~** dx,

where s,(x) is the nth partial sum of the Hermite polynomial series for f(x), only
for p=2. This, of course, implies that lim,_ . [*, [s,(x)—f(x)|?e~** dx=0 for
every f(x) satisfying [*, | f(x)|Pe”*"dx < oo only in case p=2. With | ||, denoting
the usual (unweighted) norm on (—oo, o), Askey and Wainger in [1] showed that
there is an inequality of the type, |s.(x)e™*"2|,<C|f(x)e~**2|,, for 4/3<p<4
and not for other values of p, and they obtained the corresponding mean con-
vergence theorem. Similar results were proved in both papers for Laguerre series.

The contrast of these results and the fact that trigonometric series converge in
the mean for 1<p<oo suggest that an inequality of the form |s,(x)w(x)|,
= C| f(x)w(x)|, should be possible for p=4 or 1 < p £4/3 if w(x), possibly depending
on p, is chosen properly. The main results of this paper are that not even the
individual terms of a Hermite or Laguerre series can satisfy such an inequality and
that the terms will not converge to 0 in the mean if p is not between 4/3 and 4.
Specifically, the following will be proved.

THEOREM 1. Let p be a fixed number satisfying 1 <p<4/3 or 4<p=co,let | |,
denote the ordinary (unweighted) norm on (— oo, o), let w(x) be finite almost every-
where on (— oo, ), let f(x) be a function which has a Hermite series and satisfies
[w(x)f(x)], <0, and let a,H,(x) be the nth term of that series. If there exists a
constant, C, independent of f(x), such that |a,H,(x)w(x)|, < C|lf(x)w(x)|, for all
n2 C, then w(x)=0 almost everywhere.

THEOREM 2. Letp, | |, w(x),f(x) and a, be as in the first sentence of Theorem 1.
Iflim, ., o |a,H,(x)w(x)|,=0 for every such f(x), then w(x)=0 almost everywhere.

THEOREM 3. Let p be a fixed number satisfying 1<p=<4/3 or 4<p=o0, let
| ||, denote the ordinary (unweighted) norm on (0, ), let « be a fixed number
greater than — 1, let w(x) be finite almost everywhere on (0, ), let f(x) be a function
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which has a Laguerre series for this « and satisfies |w(x)f(x)|, <o, and let a,L%(x)
be the nth term of that series. If there exists a constant, C, independent of f(x) such
that ||a,Li(x)w(x)|, = C| f(x)w(x)|, for all n= C, then w(x)=0 almost everywhere.

THEOREM 4. Let p, | |» w(x), f(x), o, and a, be as in the first sentence of
Theorem 3. If lim,_, , |a,LE(x)w(x)|,=0 for every such f(x), then w(x)=0 almost
everywhere.

The following are immediate corollaries by Minkowski’s inequality.

COROLLARY 1. Let p, | |, w(x) and f(x) be as in the first sentence of Theorem 1
and let s,(x) be the nth partial sum of f’s Hermite series. If lim,,_, , ||[s.(x)—f(x)]w(x)l,
=0 for every such f(x), then w(x)=0 almost everywhere.

COROLLARY 2. Letp, | |, w(x), f(x) and e be as in the first sentence of Theorem
3 and let s,(x) be the nth partial sum of f’s Laguerre series. If

lim 5, ~/ (), =0

for every such f(x), then w(x)=0 almost everywhere.

The requirement that w(x) be finite almost everywhere is put in these theorems
to avoid uninteresting complications in the proofs. With the convention 0-0c0=0,
w(x)=oo would satisfy the conditions in each of these since w(x)f(x) € L? would
require that f(x)=0 almost everywhere. If w(x) is finite on a subset of positive
measure and infinite on a subset of positive measure of the interval under con-
sideration, it is immediate that it cannot satisfy the hypotheses of any of these
theorems.

Theorem 1 will be proved in four parts. The first is Lemma 1 in which it is
shown that if a function, w(x), of the type described in Theorem I, existed that
was not 0 almost everywhere, then there would be a function, v(x), such that for
nzC

H,(x)e~*"
v(x)

where 1/p+1/g=1 and H,(x) is the usual Hermite polynomial.

The second part, contained in §4, consists of showing that the terms, H,(x)e ™ **/2,
on the left side of (1.1) can be replaced over a limited range by a simple estimate
and the inequality will still be true. The principal difficulty in doing this is the fact
that the range considered is where H,(x) has its zeros. The proof amounts to
showing that successive H,’s have their zeros well enough distributed so that for
most #’s the integrals on the left will be bounded below by their estimates. An
estimate in [2] of H,(x), proved by Skovgaard, is the basis for this proof.

In §5 it is proved that an inequality like the simplified version of (1.1) cannot
be true for any v(x). This follows from estimations of the integrals, Holder’s

(L.1) [ Ha(x)e == 2p(x)],

< C|Hu(x)e™*"2|3
q
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inequality and Fubini’s theorem. Finally, in §6 these results are combined to prove
Theorem 1.

Theorem 2 would be an immediate consequence of Theorem 1 and the Banach-
Steinhaus theorem if it were assumed that w(x)f(x) € L? implied that f(x) had a
Hermite series. In §7 it is shown that if w(x) satisfies the hypotheses of Theorem 2
but not the conclusion, then there is a function, w*(x), such that |w(x)| <w*(x),
w*(x) satisfies the hypotheses of Theorem 2 and w*(x)f(x) € L? implies that f(x)
has a Hermite series. Theorem 1 and the Banach-Steinhaus theorem then imply
that w*(x) cannot exist and thus prove Theorem 2.

The proof of Theorems 3 and 4 is similar and is treated simultaneously.

In the sequel to this paper, inequalities of the form ||s,(x)v(x)|, = C| f(xIw(x)|,
will be proved for Laguerre and Hermite series for 1 <p<4/3 and 4<p=<o0.

2. Notation and estimates. To simplify notation, two functions introduced in
[1] will be used. The Hermite polynomials, H,(x), are defined by > H,(x)r"/n!
=exp (2xr —r?); the functions

1) H(x) = e ¥ (y/n2"n) "2 H,(x)

are orthonormal on (—oo, ). Similarly, the Laguerre polynomials, L%(x) are
defined by > Lé(x)r*=(1—r)~*"1 exp (—rx/(1 —r)); the functions

Fn+a+1)

-1/2
o ] xa/2e - x/2L$zl(x)

22) 2509 = |

are orthonormal on [0, ).
Now (6.12), p. 23 of [2] states that H,(N'/2 cos 6) equals

23) (s%_gv%)”z exp (N cos 20) [cos (N(20—s;n 20)_,7) ‘o ( % )]

for 0<6<im where N=2n+1. Combining (2.1) and (2.3) and using Stirling’s
formula then shows that

N(20—sin 26)— =
4

2.4) H(x) = (3)1/2(N—x2)-1/4 cos (

W

) + 0(N1/2(N_x2)—7/4)

where 0 S x < NY2— N-18 and §=cos~! (xN~/2). Furthermore, using either (2.4)
or combining (8.22.8), p. 198 of [5] with (2.1) shows that for x in a fixed finite
interval

12
2.5) H(x) = (7—27) N~% cos (NV2x —tnm)+ O(N~3/%),
| Finally, the table on p. 700 of [1] shows that there exist positive constants, C and D,

such that

(%) < C[|N=x2|+NW]-1% X2 < N,

(2:6) < Cexp(— Dx?), x2 = N.
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Similarly, (5.5), p. 247 of [3] states that if « >0, then L2(v cos? ) equals

(=D exp (3v cos? 6) v(20—sin 20)— 7 1 1
27)  Gcos By(an sin 20)7 | ( 3 ) + O(Wﬂ@ﬂ— o))]

where 0 < 0<4n and v=4n+2a+2. Again, combining (2.2) and (2.7) and using
Stirling’s formula gives

@.8) Zi(x) = (%)”2 xl,f(:_l);)l,4 cos (”(20‘“: 20)‘") +0((V_V1)l;7,4+(vx -3/4)

where 0<x<v, «20 and 6=cos~! (x*%»~1/2), Fortunately, (2.7) is also valid
for —1<a <O for a more restricted range of x; this fact, proved in the next para-
graph, will be needed for the proofs of Theorems 3 and 4.

Using the fact, (5.1.13), p. 101 of [5], that L&(x)=L&*(x)—L2*i(x), it is easy
to prove that

(2.9) XU2LY(x) = (4ot D)2LE (x) - n2LEI(x).

Using (2.8) in (2.9), replacing n+«+1 and n by v+ O(1) and letting p(v, x)
denote the principal term in (2.8), then shows that

3/4 1
(2.10) »*2p(r+2, x)—v2p(r—2, x) = 2x'2p(v, x)+ 0((v:x)'”4 + v”‘*x"")

for 0<x<v—4 and «20. Since « does not appear in (2.10), (2.10) is clearly true
with just the first of these conditions. Using (2.8) on the right side of (2.9) for
—1<a<0 and then applying (2.10) proves that

plia 1
(2.11) LUx) = plv, x)+ 0((V —X)" + V1/4x5/4)

for —1<a<0 and 0<x=v—4. This gives (2.8) if —1<a<0 and Jv<x=sv—4;
this range of x is sufficient for the purposes of this paper.

Combining (8.22.6), p. 197 of [5] with (2.2) shows that for x in a fixed compact
subinterval of (0, ©0) and «> —1

(2.12) Li(x) = (g)llz(xv)-l/‘1 c0s [(#)V/2 — Jorr — ] + O(v=31%).

v,

The table on p. 699 of [1] shows that if « >0, then there exist positive constants,
C and D, such that

|L5(x)| £ Clnx), 0 <x<1jn
@.13) < CxUly—x|+v7]" 1%, 1jn < x < 20,
< Ce~D*, v £ x.

It is easy to show that (2.13) is also true for — 1 <a<0. For 0 < x < 1/n the explicit
form of Lg(x), (5.1.6), p. 100 of [5], gives the result. For 1/n<x<1, (8.22.6) on
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p- 197 of [5] can be used. For 1 <x<n, use (2.11). For n=x, (2.9) can be used to
obtain the result.

Throughout this paper the symbol | |, will designate the ordinary (unweighted)
norm over the interval (— oo, o0) in the Hermite case and over (0, o) in the Laguerre
case. The letter C will be used to denote positive constants not necessarily the same
at each occurrence.

3. An integral inequality. Part of the following lemma is a generalization of an
argument presented on p. 706 of [1].

LemMA 1. If p, w(x), f(x), a, and C satisfy the hypotheses of Theorem 1 and w(x)
is nonzero on a set of positive measure, then there exists a function v(x), such that
forallnzC

(EX) x|, | )], = €

where 1/p+1/q=1. The same is true with the hypotheses of Theorem 3 if #,(x) is
replaced by £%(x) in (3.1).

For the Hermite case it will first be proved that if w(x) has the given properties
and g(x)w(x) € L?, then g(x) must have a Hermite expansion. If there were a g(x)
such that g(x)w(x) € L? and g(x) had no Hermite expansion, then for some N

lg(x) exp (—x*)x"[|, = co.
If N=0, then for all even n |g(x)H,(x) exp (—x?)|y=c0; if N2 1, then for alln= N
this integral is infinite. Now let A(x) be a bounded function with compact support

such that |ha(x)| = |g(x)| and let b, H,(x) be the nth term of A’s Hermite series. Then
fornzC

(3.2) |6a] [WEHA)[, £ Cllwx)h()], = Cllw(x)g(x)5-

The hypothesis that w(x) is nonzero on a set of positive measure insures that
[w(x)H,(x)|,>0. If n is even and greater than N, h(x) can be chosen to make b,
arbitrarily large; this contradicts (3.2).

Now if g(x) is any function in L?, the result above shows that (g(x)/w(x))H,(x)e~**
is in L* for every n. Consequently, by the converse of Hélder’s inequality

(3.3) lexp (—x?)Ho(x)/w(x)[, <
for all n.
Let r,=(y/m2"n!)~%/2, then a,=r2 [* f(x)H.(x) exp (—x2) dx. For a fixed n
there is a function, f(x), such that w(x)f(x) € L? and
lan| = ra|w(x) Sl exp (—x?)Ha(x)/w(x)|q

because of (3.3). If n2C, it is also true that |a,| |w(x)H,(x)], < C|f()IwW(x)],.
Combining these two facts and using the fact that H,(x)= exp (x%/2)5,(x)/r,
gives (3.1) with v(x)=w(x) exp (x%/2).

The Laguerre proof is the same.
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4. Estimation of the integrals. The purpose here is to obtain lower bounds for
the terms on the left side of (3.1) that contain pleasanter functions than 5,(x) or
Z%(x). The first part of this consists of looking at the troublesome cosine terms in
the approximations (2.4) and (2.8). The computation is based on the following
rather interesting lemma.

LEMMA 2. Let L be an integer greater than 20 and let I be a set of L consecutive
integers. If for n in I, 1/3L<g(n+1)—gn)<ir and g(n+1)—g(n) is monotone
increasing in n, then for at least 2|3 of the integers, n, in I, |cos g(n)| = 1/200.

The intervals in which |cos x| <1/200 have length 2 sin~* (1/200) which is less
than 1/90. The first of these intervals that contains any g(n)’s then contains at
most [L/30]+1 of them where [ ] denotes the greatest integer. After this, each
interval where [cos x| =1/200 will contain at least three times as many g(n)’s as
the succeeding interval where |cos x| <1/200 because of the upper bound on
g(n+1)—g(n) and the monotonicity of g(n+1)—g(n). Then for at most [L/30]
+14+3(L—[L/30]—1) of the n’s in I is |cos g(n)| <1/200. Since (1/L)[L/30]=1/30,
this number is bounded by L(1/40+%+ 3/4L) which is less than L/3 since L > 20.

This can be applied to the following two lemmas.

LeMMA 3. If y=(60)2 and x is a fixed number such that 3y*?2<x<yl/2—y-1/6
then for at least two thirds of the integers, n, such that y<2n+1=y+y'3,

(N(20—sin 20)—71) 1
cos

200

4
where N=2n+1 and 6=cos~* (xN~1/2),

LEMMA 4. If y=2(90)®, a> — 1 and x is a fixed number such that 5p/6 < x <y —y'/3,
then for at least two thirds of the integers, n, such that y<4n+2a+2=y+y'3,

(v(20 —sin 26)— 'rr) 1
cos 3 = 300

where v=4n+20+2 and 0=cos~* (x'/%y=1/2),

The proofs are similar and simple. For Lemma 3 the number, L, of consecutive
integers, n, with y <2n+1 =< y+ y'/3 satisfies y*/3/3 <L < y*3. Define

g(n) = (N(20—sin 26)—m)/4.

It is easily verified that g'(n)=cos~* (xN~*/2). If x is in the given range and » is
any real number in the extended range, y<2n+1=y+y'®+2, then

4.1 2712 < 3Ly LB L D)-12 < xN-UZ < ] —p-203,

From this it is clear that cos~! (xN~1'2) is monotone increasing in #» and bounded
above by 4w; this immediately implies the same for g(n+1)—g(n) if y<2n+1
Sy+yHe.
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Now if cosus<1—y~23 then 1—3iu?<1-—y~28 and u=2v2y-13, Therefore,
using (4.1), g'(n)=2Y2y~13>21/2/3] for the extended range of n’s used in (4.1).
This implies that g(n+1)—g(n) = 1/3L for x and »n in the original ranges. Lemma 2
now completes the proof of Lemma 3.

The proof of Lemma 4 proceeds in the same manner.

To apply these results to the integrals in (3.1) the following general lemma is
needed.

LEMMA 5. Let w(x) be a nonnegative function and t a positive real number. Let
f(n, x) be a function such that for every x in a set E and every integer in a finite set
of integers, I, 0= f(n, x)< 1, and for each x in E, f(n, x)2t for at least 2[3 of the
n’s in I. Then fEf(n, x)w(x) dx 2 (¢/10) [, w(x) dx for at least 3/5 of the n’s in I.

Let f*(n, x)=1 if f(n, x)= ¢ and let f*(n, x)=0 otherwise. Then
4.2) gl Lf *(n, x)w(x) dx = %,é L w(x) dx

where L is the number of members of I. Then for at least 3/5 of the n’s in [

4.3) L FH(n, yw(x) dx 2 %) () dx;

this follows from (4.2), the fact that the integral on the left is always bounded by
the integral on the right and the fact that 3L/5+(2L/5)1/10<2L/3. Since f(n, x)
2 if *(n, x), (4.3) gives the conclusion of the lemma.

LEMMA 6. Let w(x) be a measurable function, 1<p=<oo, for y>0 let
E,=[3y"2,yY2—1] and I, be the integers, n, such that ySN<y+y''® where
N=2n+1. Then there exists y, and positive C depending only on p such that for
Y2Yo

w(x) P 1/p
(y—x?)e dx)

(with the usual interpretation for p= o) for at least 3|5 of the n’s in I,.

(4.4) (.L,, [ ()w(x)|? dx)m = C(Ly

LEMMA 7. Let w(x) be a measurable function, | Sp<o0, a> —1, for y>1 let
E,=[5y/6, y—yY?] and I, the integers, n, such that ySv<y+y''® where v=
4n+ 20+ 2. Then there exists y, and positive C depending only on p such that for y = y,

4 1/p
dx)

(with the usual interpretation for p=c0) for at least 3/5 of the n’s in I,.

w(x)

4.5) ( Lyl.‘?ﬁ(x)w(x)l” dx)up > c( Ly

To prove Lemma 6, observe that N—x% = y— x2, and since y —x22 2y1/2 — | = y/3,
then N—x%<2(y—x?). Using these inequalities, (2.4) and Minkowski’s inequality,
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shows that the left side of (4.4) is bounded below by the difference of

(4.6) (]| |52 cos (NI 20)—1) )
and

where C, and C, are positive constants and §=cos~! (xN'/?).

Applying Lemmas 3 and 5 to (4.6) shows that there exists a C3 >0 such that if
y=(60)3, then (4.6) is bounded below by Cj times the integral on the right side of
(4.4) for at least 3/5 of the n’s in I,. On the other hand, since y—x22 y/2 for x in
E,, (4.7) is bounded above by C,y~'/* times the integral on the right side of (4.4).
If y is greater than (2C,/C3)* and (60)3, then (4.7) is less than half of (4.6) for at
least 3/5 of the n’s in I, and the assertion of Lemma 6 is proved.

Lemma 7 is proved similarly using (2.8) and Lemma 4.

5. An integration lemma. This section is devoted to showing that an inequality
like (3.1) cannot occur if 5#,(x) is replaced by the first term of its approximation
with the cosine term omitted. The analysis applies equally well to the Laguerre
case.

LEMMA 8. Let p be a fixed number satisfying 1<p=<4/3 or 4<p=oco, let
1/p+1/g=1, let 0=r< 1, let v(x) be a measurable function and define

ool %) [, oo

with the usual interpretation if p or q is 0. Then lim sup,_, ., g(y)=00.

v—1

g(y) = y‘”‘"(f

Ty

By symmetry this need only be proved for 4 <p <0, and it can be assumed that
v(x) = 0. Let s=r3, The proof will be done in two cases as indicated.
Case 1. For every number z= 1/(1 —s) there exists y =z such that

G.1) f : [b()] -2 dx > z J : [0(x)] - dx.

8

Fix such a y and z. Since sy=y—(1—s)y<y—(1—s)z=y—1,

@ sz 5] o) ()

Now in (5.2) replace y—x by y and use (5.1) on the second integral. This produces
Zlle 52y 1/p 52y 1/q
(5:3) e0) 2 22 ([ b a) ([ i)
y 8311 8311

Using Holder’s inequality on the product of the integrals in (5.3) then shows that
g(y)2(s2—s%)z'4, Since for an arbitrary z this inequality can be obtained for some
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y=z, limsup, ., g(y)=co in this case. Note that this reasoning works equally
well for p=o0.
Case 2. There exists a constant, C,, such that if y= C,, then

(5.4) f ”y ()]~ dx < C, f 3: [0(x)] < dx.

Repeated use of (5.4) shows that there is a positive constant, C, such that if
y2Cy=max (Cy, 1/(1—s)), then

.5) f 1_1 [(x)]-9dx = C f :’s [0(x)] -7 dx.

Now assume that p <co. Using (5.5) and the fact that y—x<y for ry<x<y—1
then shows that

(5.6) e 2 cyoe ([0 B o) (| ' foe1 dx) ™

If zzC, and zZy<z/[r, (5.6) shows that [g(y)]? is bounded below by the
product of

G.7) Ci-v ( f " o) dx)p/q
and
(58) [ [;(_ifdx

Using this fact and Fubini’s theorem and then reducing the intervals of integration,
shows that [%" [g(»)]? dy is bounded below by the product of (5.7) and

2/s 2/ dy
59 f r( f ) d
(5.9) br() | 2
Performing the inner integration then shows that (5.9) is bounded below by
2[s
(5.10) Clog z(1—s) f [P dx.
2
Therefore,

a1 [T g0 2 SEE ([T pwr a)([" wor-ea)™

By Hélder’s inequality the product of the integrals in (5.11) is bounded below by
[z(1 —s)/s]? so that finally

2lr
5.12) f [P dy = Czlog Cz,
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where C depends only on r and p. Therefore, if z= C,, there is by (5.12) a value of
y between z and z/r where g(y) = C(log Cy)*'*. This completes Case 2 for p <oo.
If p=o0, then

_ 4,-1/2 v(x) v dx
613 s =y e 5 25) [ s

Now if y = C3=max (C,, 2/(1 —s5)), then ry<y—2 and using the fact that y—x <y
and (5.5) gives

S o v(x) ) fy’s dx
(5.14) g(y)z Cy ([5533“_1’1] -x") J,, o)

If zz C; and z<y<z/r, (5.14) shows that g(y) is bounded below by the product
of

2/s dx
-3/4 “r
(5.15) Cz f =
and
-1
(5.16) f T o) d.
y—-2

Using this and Fubini’s theorem and then reducing the intervals of integration,
shows that [2” g(y) dy is bounded below by the product of (5.15) and

(5.17) f e ( f:: dy)v(x) dx.

z2-1

The condition z = 2/(1 —s) implies that (z/r)—2 2 z/s. Therefore, (5.17) is bounded
below by [%* v(x) dx. Combining this with (5.15) then shows that

-(5.18) ler g dy 2 Cz‘a"’(f/s 5%) (f/s v(x) dx).

The product of the integrals in (5.18) is bounded below by
2/s 2 1—s\2
([ beon-tecor= ax)” = +(152)

by Schwarz’ inequality. This finally shows that for z= C;

Z/T
(5.19) j g(») dy = Cz5,

so that for a value of y between z and z/r, g(y)= Cy*'*. This completes Case 2 for
p=00.

6. Proof of Theorems 1 and 3. It is now easy to combine the previous results to
obtain these theorems. If there were a w(x) of the type described in Theorem 1
that was not 0 almost everywhere, then Lemma 1 could be applied to obtain the
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inequality (3.1) for some function v(x). By Lemma 6 there exists y, such that if
y2yo, E,=[3y"2 y¥?2—1] and I, is the set of integers, n, such that y=<2n+1
<y+y'3, then for at least 3/5 of the n’s in I,

v(x)

61) ([, pacoror ax) ™ = o[, |25

» 1p
dx)

and for at least 3/5 of the n’s in [,
H(x)

(62) (L o(x) EORE C(L miﬁ)

Consequently, there must be at least one n in I, for which both (6.1) and (6.2)
are true. Since for this n the product of the left sides of (6.1) and (6.2) is bounded
by the right side of (3.1), the product of the right sides of (6.1) and (6.2) must be
bounded by the constant C of Lemma 3. Since the constants are all independent of
y, this shows that the product of the right sides of (6.1) and (6.2) is a bounded
function of y for y=y,. Using the fact that y'2+x=<2y'2 for x € E, in these
integrals then shows that there exists C such that for y =y,

6 (], || #) (], reorrm) s ©

GE=x)i"
This, however, is impossible by Lemma 8 for I Sp=<4/3 or 4<p=<o0.
For the proof of Theorem 3 the same reasoning using Lemma 7 shows that for

YZ2Yo
P 1/p dx 1/q
"’x) (f 1x“4v(x>(y—x)“*|q) =C

(64) (f Ey

where E,=[5y/6, y—y*'?]. Changing the variable of integration to u=x"'2 changes
the interval of integration in (6.4) to an interval containing [19y%/2/20, y*/2—1].
Using the fact that ¥ and y'/2+u are both comparable to y/2 will then produce
the inequality g(y1/2) < C for y = y, where g is the function in Lemma 8. As before,
this is impossible for 1 =p=<4/3 and 4<p=c0.

v(x)

XAy — D)

7. Proof of Theorems 2 and 4. The principal difficulty in proving Theorem 2 is,
as mentioned in §1, that it was not assumed that w(x)f(x) € L? implies that f(x)
has a Hermite series. In the proof of Theorem 1 it was easy to obtain this fact
from the hypotheses; this was done in the proof of Lemma 3. Here this seems
difficult, and it is proved instead that w(x) can be replaced by a larger and pleasanter
function. The same will be done to prove Theorem 4.

First, several lemmas are needed.

LEMMA 9. Given a fixed p, 1 <p <o, there exists a positive function, u(x), and a
constant, C,, such that f(x)u(x) € L? on (—oo, ) implies that f(x) has a Hermite
series and |u(x)H,(x)|, < Cin~*(2"n!)*2,
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LEMMA 10. Given a fixed p and o, 1 Sp< 00 and «> — 1, there exists a positive
Sfunction u(x) and a constant, Cy, such that f(x)u(x) € L? on (0, o) implies that f(x)
has a Laguerre series for this « and |u(x)LE(x)|, < Cn*2-1/%,

To prove Lemma 9 let u(x)=exp (—$x2). If | f(x)u(x)|, <o, it is easy to see
that || f(x)H,(x)e~*|, is finite for every n by Holder’s inequality. The second part
follows by using (2.1) and (2.6).

To prove Lemma 10 let b=%(ex+1)—1/p and define u(x) to be x® for 0<x <1
and to be exp (—#x) for x= 1. The first part then follows from Holder’s inequality
and the fact that («e—b)p/(p—1)> — 1. The second part follows by use of (2.2), the
fact obtained from Stirling’s formula that I'(n + . + 1)/n! =n%[1 + O(1/n)], and (2.13).

LemMA 1. If 1=p=oo, I is a finite interval of length L and w(x) is nonzero on a
subset of I with positive measure, then there is a positive constant, C, such that for
az1 and all b ([, [w(x) cos (ax+b)|? dx)'* 2 C.

This follows immediately from the facts that |[w(x)| is bounded away from 0 on
some subset of / with positive measure and that for any positive d, |cos (ax+b)|
has a lower bound depending only on d and L on half of any subset of I with
measure d.

LeEMMA 12. If 1 Sp=<o0 and w(x) is nonzero on a set of positive measure, then
there is a positive constant, C,, such that |H,(x)w(x)|,2= Con~4(2"n!)Y'2 for all
nzl.

LemMmaA 13. If 1=p=<o0, o> —1 and w(x) is nonzero on a subset of (0, o) with
positive measure, then there is a positive constant, C,, such that |w(x)Li(x)l,
= Con®2-1% forallnz 1.

To prove Lemma 12 let I be a finite interval such that w(x) is nonzero on a
subset of 7 with positive measure. Then using (2.5) and (2.1) and assuming that
w(x) is bounded in I shows that for some constant, C, | H,(x)w(x)|, is bounded
below by (2/m)Y/2(y/m2"n!) 2N~ 1% times

(j lexp (x2/2)w(x) cos (NY/2x —nm)|? dx) 1p
(1.1) ; ”p
—CN- 1/2("; lexp (x2/2)w(x)[? dx)

where N=2n+1. Using Lemma 11, it is immediate that (7.1) is bounded below by
a constant if »n is greater than some n, so that Lemma 12 is proved if w(x) is
bounded and n=n,. The statement of Lemma 12 shows that the restriction that
w(x) is bounded can be dropped, and since | H,(x)w(x)||, is positive for all n, a C,
can be chosen that works for all n= 1.

The proof of Lemma 13 uses (2.12) and (2.2) and is the same except that to use
Lemma 11 on the analogue of (7.1) a change of variable must be made.
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It is now easy to complete the proof of Theorem 2. Suppose that there were a
w(x) that satisfied the hypotheses of Theorem 2 and was nonzero on a set of
positive measure. Then let w*(x)=|w(x)| + C,u(x)/C, where C, and u(x) are as in
Lemma 9 and C, is as in Lemma 12 with this w(x). Then using Lemmas 9 and 12
and Minkowski’s inequality, it is clear that

(7.2) Iw* ) Ha(X)]l5 < 2| w(x)Ho(x) 5.

Now if [|[w*(x)f(x)], < oo, then |w(x)f(x)], <o and by (7.2) and the hypothesis of
Theorem 2 it follows that lim,_, ||a,H.(x)w*(x)|,=0. Therefore, w*(x) satisfies
the hypotheses of Theorem 2. Since w*(x) is bounded below by a positive multiple
of u(x), Lemma 9 shows that ||w*(x)f(x)|,<oco implies that f(x) has a Hermite
series. Then the Banach-Steinhaus theorem and Theorem 1 show that w*(x)=0
almost everywhere. Since |w(x)| < w*(x), w(x)=0 almost everywhere. This contra-
diction completes the proof of Theorem 2.
The proof of Theorem 4 is identical using Lemmas 10 and 13.
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